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A Fock space of two pairs of generalized creation and annihilation operators 
is constructed. These operators belong to the odd part of the Lie super- 
algebra A(O, 1) and generate the whole algebra. The creation and annihila- 
tion operators define in the Fock space an infinite-dimensional irreducible 
representation of the algebra A(0, 1). 

In the present note we study one particular infinite-dimensional repre- 
sentation of the Lie superalgebra A(0, 1) in the Kac notation (Kac, 1977). 
The method we use is similar to the one applied in the quantum theory of  
bosons and fermions. For instance, n pairs of  Fermi operators generate the 
Lie algebra Bn of the group SO(2n + 1). Therefore the Fock space of these 
operators determines an irreducible representation of  B~. In a similar way 
the Fock space of Bose or, more generally, of  para-Bose operators defines 
a class of  infinite-dimensional representations of  the orthosymplectic Lie 
superalgebra (Gantchev and Palev, 1978). The operators we introduce are 
neither Bose nor Fermi operators. Their representation space, however, 
possesses all main features of  the ordinary Fock space. In fact it is generated 
out of  a vacuum vector by means of polynomials of  creation operators. We 
were led to these operators in a search for some possible generalizations of  
the quantum statistics. The present paper is an investigation along this line. 
I t  should not be considered as an attempt to develop a representation theory 
for the Lie superalgebras. Our main purpose is to study the Fock space of 
the operators we introduce by the simplest available example, so that later 
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on it will be possible to generalize the results to the case o f  several and even 
an infinite number  of  creation and annihilat ion operators.  

The relations between the generators  of  the algebra A(0, 1) can be derived 
through its three-dimensional  exact representation.  Denote  as e~ B, a,/3 = 
- 1 ,  0, 1, a 3 x 3 matrix with 1 on the intersection of  the ~th row and 

/3th column and zero elsewhere. Let Lo and Lt  be subspaces o f  A(0, 1) with 
the basis writ ten in the brackets,  namely,  

Lo = lin. env. {e-1, -1  + eoo, eoo + e n ,  el,_1, e_,,1} 
L1 = lin. env. {eol, elo, eo,-1, e- lo} (1) 

The  mult ipl icat ion [ ,  ] in A(0, 1) is defined as follows: 

~a, b~ = {a, b} - ab  + ba ,  a, b E L 1  

[a, b~ = [a, b] - ab  - ba ,  a or b e Lo (2) 

and it is extended by linearity to the other  elements. 
In this case 

A(0, 1) = Lo + L1 (3) 

and Lo, L~ are the even and odd par t  o f  A(0, 1), respectively. 
The  representat ion-independent  structure relations o f  the generators  

can be derived f rom (2) and the multiplicative law of  the matr ices e ,  B, 

e~ee~ = 8B~e.~ (4) 
Define the opera tors  

A1 + = elo. A+~ = - -eo. -1  
A~- = eo~, AZ,  = e - l .o  (5) 

These operators  constitute a basis in L~ and generate the whole algebra. 
Indeed, using (4) we obtain 

{ & + , A ~ - }  = e n  + eoo, {a~ +,A+~} = - e ~ _ l  
{ A + z ,  A- -~}  = - e o o  - e _ ~ . _ ~ ,  { A ~ - ,  A - - l }  = e_1 ,1  (6) 

Let  now a j ,  ~, ~7 = +- or + 1, be the representat ion-independent  generators  
of  the Lie superalgebra A(0, 1), corresponding to A J .  Using the equality 
(4) we find the following structure relations between the opera tors  a,e: 2 

[{ae r a ; n } .  a~ ~] = ~Sn~a~ ~ - rlSe,a~ ~ 

[{ae r a~- "}. ag ' ]  = - ,8~ .a ;"  + r/8~,ag' (7) 
{a~r a,"} = {a~_~. a"_.} = 0 

In  this nota t ion  

L t  = lin. env. {a,r ~:, ~ = _+ } 
Lo = lin. env. {{ar162 a Z ' } [ ~ ,  ~ = +_} (8) 

2 Throughout the paper ~, 7/, e = + or + 1 ; [x, y] = x y  - y x  and {x, y} = x y  + y r .  
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Definition. We call the operators a, ~ creation (~ = +)  and annihilation 
(f  = - )  operators. 

By representation of the creation and annihilation operators we under- 
stand a mapping 

O: a J  -+ 6,~ (9) 

of  the operators a n ~ onto a set of linear operators 6,~, that preserves the 
relations (7). Since the creation and annihilation operators generate the 
Lie superalgebra A(0, 1), to every representation of  the operators a, t there 
corresponds through (8) a representation of A(0, 1), and vice versa. Moreover 
both representations are simultaneously reducible or irreducible. Thus the 
problem of  finding the representations of the algebra A(0, 1) reduces com- 
pletely to the problem of finding all representations of the creation and 
annihilation operators. 

Let W be the representation space we are looking for. We assume that 
the space contains a vector ]0) e W called a vacuum such that 

a n- IO) = O, ~7 = -+ (10) 

In order to obtain a space generated out of the vacuum by means of 
the creation operators we postulate that 

a l - a l  + 10) = p]0> 
a--la+~[O) = q[0) (11) 

This requirement is a natural generalization of the equation 

a~-a~ +]0) = 3~sp]0> (12) 

used in the parastatistics (Green, 1953) in order to single out an irreducible 
Fock space. In our case 

{al-,  a+l} = {a-'l, a~ +} = 0 (13) 

so that the equations (11) are enough. 
The scalar product in W is determined in the usual way: 

(a) (a,+a,~ . .  .a+,,]0), a~ . . . a{ , ]0 ) )  = (0[a~,-..an-~an-~a~...a{,[O) (14) 
(b) ( O l a ,  + = 0 

(c) <010> = 0 

It is not clear from the beginning whether the definition (a)-(c) together 
with (7) and (11) gives a metric in W. In fact, this is not the case for arbitrary 
p and q (for instance p = - q  = 1). The requirement 

(a ,a)  > 0 V 0 r  (15) 

appears as an additional restriction on the constants p and q. 
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In  this paper  we shall consider the simplest nontrivial  case p = 1, 
q = O, i.e., we require 3 

a l - [ 0 )  = a : l l 0 >  = a+-ll0) -- 0 (16) 

L e m m a  1. The representat ion space W is a linear envelope of  all 
vectors 

{a+~,a~+}~a~+[O), {a+~, al+}"[0), n = 0, 1 ,2  . . . .  (17) 

Proof. The representat ion space W is spanned on all possible vectors 

ae~ae2...anr m = 0, 1, 2, " ~ ,  ~7~ = + (18) 
~1~ff2 " " " ~ -- 

To prove  the lemma,  we have to show that  every vector  (19) is a linear com-  
binat ion o f  the vectors (17). Fo r  this purpose  we shall use the Poincar6-  
Birkhoff -Wit t  theorem (Milnor,  1965), which in our  case can be formula ted  
in the following way. Let  L = Lo + L1 be a Lie superalgebra,  a~ . . . .  , am 
be a basis in L0, and bl, b2,. �9  b~ a basis in L~. Then the elements 

a~:lt.olnK2 ,,K,a,0~ . .bO,, Ks i> 0, 0i = 0, 1 (19) 
1 "1 t~2 "" "~m e'2 " 

fo rm a basis in the universal  enveloping algebra of  L. 
For  the Lie superalgebra A(O, 1) the theorem gives that  the monomia l s  

(n, 0, ml,  m2, m3, 01, 02, 03) 
+ - (a_ 1, a l  + }"(al +)~ - ,  al + }m~(a :1, a + 1}m2{a :1, al - }m3(a + 1)~ 1)~ -)~ 

(20) 

define a basis in the universal enveloping algebra o f  A(0, 1). Hence  the 
m onomia l  

el ~2. . .ae ~ (21) anl~ G~/2 

is a linear combina t ion  of  vectors (n, 0 , . . . ,  83). Therefore  

ae~nr = ~ ~n...o3(n, O, ml ,  mg., ms,  01, 02, 0~)10) (22) 

where ~.-.e8 are number  coefficients. 
Since 

(n, 0, m l , . . . , O s ) 1 0 ) ~ 0  o n l y i f m 2 = m s =  0 ~ =  0 2 =  0 a = 0  (23) 

and  
(n, 0, m~, 0 . . . . .  0)10) = {a+~, al+}"(a~+)~ (24) 

we conclude 

a A similar representation for the case of several creation and annihilation operators 
generating the Lie algebra A, was studied in Paler (1978). 
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a ~ I . . . a ~ [ 0 >  = ~ ,  e%o{a+l, az+}'~(a~+)~ (25) 
/t,0 

This completes  the proof .  
We now proceed to find the t ransformat ion  propert ies  of  the vectors 

(17) under  the left multiplications with creation and annihilat ion operators .  
I t  is convenient  to represent  the space as a direct sum of  its even and odd 
subspaces,  W0 and W~, respectively, 

where 
W =  W o +  W~ (26) 

Wo = lin. env. {{a21, a~+}"[0)l n = 0, 1, 2 , . . . }  
W1 = lin. env. {{a+_l, a~+}"a~+[O)ln = 0, 1, 2 . . . .  } (27) 

Denote  as 

In, O) = {a2~, a~+}~(a~+)~ 0 = 0, 1; n = 0, 1, 2 , . . .  (28) 

F r o m  the structure relations (7) we have 

[(a 21, a~ + }~, an + ] = 0 (29) 
Therefore  

an + In, 0)  = {a+~, al+}'~a~ + 10) (30) 

and taking into account  (16) we obtain  

al+]n, O) = in, 1), a+aln, O) = 0 (31) 

Since an+an + = O, 
al  + In, 1> = 0 (32) 

Fo r  a + z we have 

a+lln, 1) = {a+l, al+}"a+_lal + 10) = In + 1, 0)  (33) 

To  calculate the t rans format ion  propert ies  with respect to the annihilat ion 
operators ,  we use the identity 

[an-, {a-+l, al+} n] = n{a21, al+}n-la+- n (34) 
We have 

a n- In, 0)  = [an-, {a+l, a~+}~I0) = n{a+_~, al+}~-la_+n]0) (35) 

Therefore  
a~-ln, O ) = O, a=lln, O) = n[n - 1, 1) (36) 

Similarly 

a- l ln ,  1) = [as1, {a+_l, al+}"]al+10) = n{a31, al+}"(al+)210) = 0 (37) 

al- ln ,  1) = [al-,  {a+l, a l+} ' l a l+ [0 )  + {a-+l, al+}~al-al+lO) 
= (n + 1)In, O> 
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We summarize the results 

a+lWo = al -Wo -= ax+W1 = aT-1Wx = 0 
a~+ln, 0) = [n, 1), a+~ln, 1) = In + 1 ,0)  
a-xln,  0) = nln -- 1, 1), a~-Jn, 1) = (n + 1)In, 0) (38) 

We are now ready to calculate explicitly the scalar product  in W. 

Lemma 2. The vectors 

In, 0), n = 0, 1, 2 , . . .  ; 0 = 0, 1 (39) 

define an orthogonal basis in the representation space W. 

Proof. We make use of  the following relations, 

(a~-)~ 02) = (1 - Ox)[n, 02) + O~02(n + 1)In, O) (40) 

n! (n +O).W m { a l ,  ax-}mln, O ) = ( n Z m ) ! ( n +  0 ) ! I n - m ,  0), m ~< n (41) 

{a--l, ax-}mln, O) = O, m > n (42) 

The first equality is an immediate consequence of  (38). The second one can 
be proved by induction. From (38) we have 

{a-x, al-}[n, O) = n(n + O)ln - 1, 0) (43) 

Suppose (41) holds. For  m + 1 ~< n we have 

{a! l ,  al-}m+Xln, 0) = 
n! (n + 0)! 

(n Z m ) !  (n + -ff - m)! {a"x, al-}In - m, O) 

n! (n + 0)! In - (m + 1), 0) 
= [n - (m + 1)1! [n + y Z  (m 3r 1)]! 

(44) 

i.e., for m + 1 the formula (41) also holds. The relation (42) is evident 
since 

{a"x, ax-}~+lln, O) = n! (n + 0)! (a'-~, ax-}[0, 0) = 0 (45) 

Using the definition (14) we calculate the scalar product  between the vectors 
Ira, 0x) and [n, 02): 

S - (Ira, 0~), [n, 02)) = (O[(a~-)~ ax-}mln, 02) (46) 

I f m  > n according to (42) S = 0. Let m ~< n. Using first (41) and then 
(40) we obtain 

nt (n + 02)! 
S =  

(n - m)! (n + 0 2 - m ) !  
• {(1 - 00(0In - m,  02) + 0102(n - m + 1)(01n - m, 0)} (47) 
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I f  m < n then S vanishes since 

<0l{a_+~, al+} =-'~ = 0 (48) 

For  m = n the expression in the brackets of (47) is nonzero only for 01 = 02. 
Therefore we obtain 

([m, 01>, In, 02)) = 3,,,~3olo~n! (n + 02)! 

This proves the lemma. 
The orthonormal basis is 

In, 0) = {al+' a+~}"(a~+)~ ]0>, n = 0, 1, 2 , . .  
~/n! (n + 0)! "' 

In terms of this basis we have 

(49) 

0 = 0 , 1  (50) 

a+lWo = a l - W o  = al+W1 = a'- lW1 = 0 
a l  + In, 0) - -  (n + 1)1'21n, 1) a+_lln, 1) -- (n + 1)i'21n + 1, 0) (51) 
a- l ln ,  O) = nl12[n - 1, 1) a~-ln, 1) = (n + 1)~/21n, 0) 

The formulas (51) determine an infinite-dimensional representation of  the 
Lie superalgebra A(0, 1). In the metric (49) 

(a,+) * = a , -  (52) 

where the asterisk means Hermitian conjugation. The matrix elements of 
the even generators can be easily calculated from (51) taking into account (8). 

In this paper we have not tried to ascribe a physical meaning to the 
creation and annihilation operators. Remark, however, that in the "particle" 
terminology the vector In, 0> corresponds to the (2n + 0)-particle state since 
it is obtained from the vacuum by means of a homogeneous polynomial of 
order 2n + 0. The operator 

H = {al +, a l -}  + {a+l, a"l} - 1 (53) 

has the properties of a free Hamiltonian. The spectrum of H is positive 
definite 

Hln ,  0> = (2n + O)[n, O> (54) 

Moreover 

[H, an + ] = _+a, =~ (55) 

Therefore if ]E> is a state with energy E and anr # O, then a, + (or, 
respectively, a , - )  increases (decreases) the energy by 1. Hence an ~ can be 
interpreted as an operator creating (annihilating) a particle of sort 7. 
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